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entropy is given by the entropy function at its saddle point.
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1. Introduction

The black hole attractor mechanism has been an active subject over the past few years in
string theory. This is originated from the observation that there is a connection between the
partition function of four-dimensional BPS black holes and partition function of topological
strings [fl].

The attractor mechanism states that in the extremal black hole backgrounds the moduli
scalar fields at horizon are determined by the charge of black hole and are independent of
their asymptotic values. One may study the attractor mechanism by finding the effective
potential for the moduli fields and examining the behavior of the effective potential at its
extremumn, i.e., in order to have the attractor mechanism, the effective potential must have
minimum in all directions. The entropy of black hole is then given by the value of the
effective potential at its minimum. Using this, the entropy of some extremal black holes
has been calculated in [g].

Motivated by the attractor mechanism, it has been proposed by A. Sen that the entropy
of a specific class of extremal black holes in higher derivative gravity can be calculated using
the entropy function formalism [J]. According to this formalism, the entropy function
for the black holes that their near horizon is AdSs x SP~2 is defined by integrating the
Lagrangian density over SP~2 for a general AdSy x SP~2 background characterized by the
size of AdS, and SP~2, and taking the Legendre transform of the resulting function with
respect to the parameters labeling the electric fields. The result is a function of moduli
scalar fields as well as the size of AdSy and SP~2. The values of moduli fields and the
sizes are determined by extremizing the entropy function with respect to the moduli fields
and the sizes. Moreover, the entropy is given by the value of the entropy function at the



extremum.! Using this method the entropy of some extremal black holes have been found
in B

For non-extremal black holes, one expects to have no attractor mechanism. An intu-
itional explanation of attractor mechanism has been proposed in [i. According to which
the physical distance from an arbitrary point to the horizon is infinite for black holes which
have attractive horizon. While the physical distance is infinite for extremal black holes, it
is finite for non-extremal cases. Alternatively, it has been shown in [§] that the values of the
moduli fields at the horizon of non-extremal black holes depend on the asymptotic values of
the scalar fields, hence, one expects to have no attractor mechanism for the non-extremal
cases.

It is natural to ask if the entropy function formalism works for a non-extremal black
hole. We speculate that the entropy function formalism works if the background is some
extension of AdS at its near horizon. Moreover, for this background the entropy function
has saddle point at the near horizon. In general, non-extremal black hole/brane solutions
can be classified into three classes: 1) Solutions with no moduli, 2) Solutions with constant
moduli, 3) Solutions with constant moduli at the near horizon. In this paper, we would
like to consider the non-extremal black-branes whose near horizons are Schwarzschild black
hole in AdSp,12 x SD=(+2) For p = 3, the solution is the non-extremal D3-brane with
constant moduli. For p = 2,5, the solutions are the non-extremal M2 and M 5-branes with
no moduli. We will discuss also the non-extremal black hole solutions with constant moduli
at the near horizon which has been considered in [Jf.

An outline of the paper is as follows. In section 2, we review the non-extremal solutions
of IIB/M theory. In sections 3 to 5, using the entropy function formalism we derive the
known results for the entropy of D3, M2 and M 5-branes in terms of the temperature. We
also show that in all cases the entropy is given by the entropy function at its saddle point.
In section 6 we show that the higher derivative terms do not respect the symmetries of the
solution at tree level and so the entropy function formalism does not work. Instead, we
use the Wald formula directly to find the correction to the entropy. We conclude with a
discussion of our results in the last section.

2. Review of the non-extremal solutions

In this section, we review the non-extremal solutions of IIB/M theory. The two-derivative
effective action for IIB/M theory in Einstein frame is given by

1 D, —alp_Low Il o
S—lﬁﬂGD/d x\/_g{R 59" 00y QZn!F(n)—i- } (2.1)

where D = 10 for IIB and D = 11 for M theory. In above Lagrangian ¢ is the dilaton
which appears only in IIB theory, and F{,) is the electric field strength where n =1, 3,5 for

Tt is assumed that in the presence of higher derivative terms there is a solution whose near horizon
geometry is AdSs x SP~2. In the cases that the higher derivative corrections modify the solution such that
the near horizon is not AdSs x SP~2 anymore, one cannot use the entropy function formalism. In those
cases one may use the Wald formula [H] to calculated the entropy directly.



IIB theory and n = 4,7 for M theory. The n = 5 field strength tensor is self-dual, hence,
it is not described by the above simple action. It is sufficient to adopt the above action
for deriving the equations of motion, and impose the self-duality by hand. Dots represent
fermionic terms as well as NS-NS 3-form field strength for IIB theory.

We are interested in non-extremal solutions whose near horizon are product space of
AdS with a sphere. D3, M2 and M5-branes have this property. These solutions are given

by the following (see e.g. [[[0]):

p
ds® = H D> <— fa* + Z(dmi)2> +Hb <f_1dr2 + 7“2(de1)2> ,
=1

2 Q
6¢ =1 s Fti1~~~ipr = €i1~~~ipH Td——l’

h d—2 r d—2
H:1+<;> : f:1—<70> , (2.2)

where D = (p+ 1) + d and d is the number of dimensions transverse to the p-brane. Note
that for p = 3, the above field strength is only the electric part of the self-dual Fis). We
will see shortly that in the entropy function formalism one needs to consider only this part
of Fi5). The relation between h and @ is
2(d—2) | 7.d—2..d—2 Q?
he™ he o™ = ———— . 2.3
+ hi 2 e (2.3)

For rg = 0 we obtain the extremal solution, depending only on a single parameter, Q,
related to the common mass and charge density of the BPS p-branes.

For rg # 0 a horizon develops at r = rg. The near horizon geometry which is described
by a throat can be found by using the throat approximation where r < h. In this limit
the relation (2-3) simplifies to h%2 = Q/(d — 2), and the non-extremal solution becomes

= (1) { = [1- () o )+ (2) [ ()] e
+h?(dS2q-1)?, L

r
€¢ = s Ftil---ipr = (d — 2)61'1...1'17@, (24)

where the geometry is the product of S~! with the Schwarzschild black hole in AdSp_g4.1.

3. Entropy function for non-extremal D3-branes

Following [fJ], in order to find the entropy function for non-extremal D3-branes one can

deform the near horizon geometry as

2 4 5. h2 N
2 _ r To 2 i\2 o 2 2 2
ds2y = [ﬁ {— (1-(7) >dt + ;l(dx ) } + (1 - (7> ) dr?| + vah?(ds)?
5/2 3
V1 T
e? =1, Fiivigisr = 4€i100i5 (v—2> 71 = Cirizis€1, (3.1)



where v; and vy are supposed to be constants. Note that we have considered only the
electric part of the self-dual F{z). The function f is define to be the integral of Lagrangian
density over the horizon H = S® x S°. The result of inserting the background of (B.1]) into

fis

_ 1 H
f(v1,v9,e1) = 670 /dx vV—gL
VaVsh?r3 5/2 5/2 ( 20(v1 — v2) RS,
= — 3.2
167G1g v v v1v2h2 21}{’7“661 ’ (3.2)

where V3 and V5 are the volumes of 3 and 5-sphere with radius one. The electric charge
carries by the brane is given by

_of ViV

- 361 - 167 G10 '

Q1 (3.3)

Now we define the entropy function by taking the Legendre transform of the above integral
with respect to electric field eq, that is

0
F(v1,v9,q1) = 618—6{ -
VaVsh?r® 509 570 ( 20(v1 — vg) he
— 3 — 3.4
167TG10 U1 01U2h2 21){’7’6 61 ( )
Substituting the value of e; and solving the equations of motion
oF
— =0, i=1.2 3.5
avi ) ? Y Y ( )
one finds the following solution
V1 = 1, Vo = 1. (36)

Let us now consider the behavior of the entropy function around the above critical point.
To this end consider the following matrix

Mij == 6vi(9@jF(v1, Ug) . (37)

Ignoring the overall constant factor, the eigenvalues of this matrix are 10(5 + 1/89). This
shows that the critical point v; = v9 = 1 is a saddle point of the entropy function.

Let us now return to the entropy associated with this solution. It is straightforward
to find the entropy from the Wald formula [f]

81 oL
- — dat /gt :
SBH 16wG10/ TN Ry 919 (38)

4 9.4
For this background we have Ry = f}lh—ﬁﬁ 9itgrr and /—g = v1+/g*. These simplify the
entropy relation to

8wh2rd /dxH oL 2h2rt O f

B R, — AT O 3.9
167G1o(r* — 3rf) ORurir rd = 3rg OX [y 39

SeH =



where f)(v1,v9,€1) is an expression similar to f(v1,ve,e1) except that each Ry, Riemann
tensor component is scaled by a factor of .

To find %LN a—1 using the prescription given in [ff] and [[], we note that in addition
to Ry the other Riemann tensor components Ry ¢y, Rrijriy, and R ipi i, Where 41,92 =
1,2,3 are all proportional to vy, i.e.,

R 37’61 —rt R rt 4+ 7“8‘
trir = Ul—— 51— irin = V1751
rir h2p4 ri1Ti1 h2(7‘4 _ 7"61) 5
8 _ .8 4_ .4
rs—r Tt —r
0 0
Riitiy = 017573~ Rijigiviy = V15— - (3.10)

Hence, one should rescale them too. We use the following scaling for these components

Riiviy — MBiivtin s Brivrin — N Rrivriy s Rijisiia — A3 Rijisivio - (3.11)
5/2

Now we see that f(vi,v2,e1) must be of the form vy’ "g(ve, Avy, 61?}1_5/2, A1U1, A1, Agv1)
for some function g. Then one can show that the following relation holds for f and its
derivatives with respect to scales, A\;,e; and vy:

Ifr Ifr 225 Ofx | 5 Ofa ofx 5

== 430 ==+ 3=+ 33"+ —e1 == —— —=—fA=0. 3.12

ax Mo TN, TN T2% e T M an 2 (3.12)
In addition, there is another relation between the rescaled Riemann tensor components at
the supergravity level which can be found using (B.10)

({9.]0)\ ({9.]0)\ ({9.]0)\ 3 37“4 + 7“4 ({9.]0)\

37 =1+ 35T he=1 + 357 =1 = %—\Azl : (3.13)
o\ ) 0A3 rt—=3r; OA

Replacing the above relation into (B.13) and using the equations of motion, one finds that
4_ 9.4

%LAA\ A=l = —ir Tf' "p. Tt is easy to see that the entropy is proportional to the entropy

function up to a constant coefficient, i.e.,

h2 h2 3
Spa = ™ p= VsVsh'rg .

= .14
2 4G (3 )

One may write the entropy in terms of temperature. The relation between rg and temper-
ature can be read from the metric which is ro = 7h?T, so

2
Spy = %N%T?’, (3.15)

where we have used the relations V5 = 73, h* = é\; =5, and 2/4%0 = 16wG19 where N is
the number of D3-branes. This is the entropy that has been found in [[[]. Note that
for extremal case, rg = 0, the entropy function is exactly the same as non-extremal case
however, the value of entropy is zero.

We have seen that the entropy function formalism works very well here despite the fact
that the horizon is not attractive. To see the latter fact, we note that the only scalar field in

this theory is constant everywhere, and it does not appear in the Lagrangian. Therefore,



it is better to check the attractor property by calculation of the proper distance of an
arbitrary point from the horizon, i.e.,

1
"h TS‘ T2 1
= — _ _ — 1
P /m 7"( 7“4> dr 2h og

the above value is finite for non-extremal case but it is infinite for extremal case i.e., rg — 0.

2 4
Y 1] , (3.16)
0 7o

Hence, although the attractor mechanism does not work for this non-extremal case, the
entropy function formalism works and it gives the correct value of the entropy as the saddle
point of the entropy function.

4. Entropy function for non-extremal M2-branes

The near horizon geometry of non-extremal M2-branes is described by the Schwarzschild
AdS, x S7. The most general solution consistent with the symmetry of AdS, x S7 is

2 —1
a5 —o |2 (1 (20 a2 a2 Ve P (1 (9 a2 |ean? (a2
= |7 ” +> (da') 17 » Y2 [+veh? (d97)?,
=1

2 2
Ty

7/2 h3 = €41i2€1 (4.1)

Ftiligy - 3€i122
where we have defined the new variable y = 72/h. In above v; and vy are constants. The
value of entropy function in this case is given by

~ VaVirhiy? 2,72 (4201 — 48u, 2h% 2

- 327TG11 1%2 41 ’

4.2
v1vgh? viy (4.2)

where V5 and V7 are the volume of 2 and 7-sphere with radius one. Substituting the value
of e1 and then solving the equations of motion gives v; = vo = 1. Moreover, the eigenvalues
of the matrix (B.7) in this case are 3(83 4 v/12937). So this shows again that the critical
point v1 = v9 = 1 is the saddle point of the entropy function.

The entropy associated with this background is given by the Wald formula

8 oL
SBH = — il /dm‘H\/gHaR

167G

gttgyy . (43)
ty

For the background (f.1]) we find Riyey = 5)1 2y :?)gtt Gyy and \/—g = v1 Vg so that the

entropy can be written as
Amh?y? / ot =g 0E why3 %
167G (y® — v3) aRtyty ¥ =g OA [,

where again we have rescaled every factor Ry, by Ain fy. In addition to Ry, there are

three other types of Riemann curvature tensors which are proportional to v;. These are

Rt’i1ti17Ryi1yi1 and R; iyii, With 41,70 = 1,2, i.e.,

3 3
Yo — Y 2y° +y3
tyty U1 h2y3 ) Yi1Yi1 h2(2y 22/0) )
4y° — 2098 — 248 4y — dyys
Rtiltil = U h6y20 0 5 Rilizhiz = U1 h6 0 . (4'5)



Rescaling them with A, Ao and A3 as in (B.11]) and noting that fy(v1,v2,e1) must be of
the form v%g(vg,)\vl,elvf2,)\1@1,)\2v1,)\3v1) for some function g, one finds the following

relation:
Afx Afx Afx Afx Afx dfx
A2 F 20 55 20055 + M55 4 26 =5 == -2 4.6
ox PN TPeay, TNaN T8 Ty P T (46)
using ([L.H), one finds
N2 O A 5?/ +y Ofx
R R v N A7
Replacing the above relation into the ([£.q), one finds i 9alyy = —yz;ggF and therefore
7'd'h2 V2V7h5y3
T p o 2R 4.
Spn = —3 G (4.8)

this gives a non-zero value for entropy. One may write the entropy in terms of tempera-
ture. From the metric ([L1]) we find the relation between non-extremality parameter and
temperature as yo = 27h?T/3. So the entropy becomes

Spr = 27237372V, N3/21? (4.9)

where we have used the relations V7 = 71'4/3, hY = N3/2 H“;/_ and 2/@11 = 16mwG11 where N
is the number of M2-branes. This is the entropy, which has been found in [[L]]. Note again
that the extremal case can be found by taking yo = 0. The result for entropy function is
exactly the same as non-extremal case but the value of entropy is zero.

To check the attractor mechanism, we note that there is no scalar field in this theory
so we calculate the proper distance of an arbitrary point from the horizon, i.e.,

1 3
Y h yg’>2 1 v 2 y 3
v 2y y3 3 Yo Yo (#10)

which is finite for the non-extremal case but is infinite when yy — 0 in the extremal case.
This shows again that although the horizon is not attractive point, the entropy function
formalism works and it gives the correct value for the entropy as the saddle point of the
entropy function.

5. Entropy function of non-extremal M5-branes

For non-extremal M5-branes the background is Schwarzschild AdS; x S* and the general
solution consistent with this symmetry is

st 2L (1 (2) Yo s S el (1 (2)) i,

1)7/2 y5
11)% h6 = €41--i5€1 (5.1)

thl 157’—6621 5



where we have used the new coordinate y = v/ hr. The entropy function for this background
is

_ 2V5 Viy® 7/2 2 <_241)1 — 21wvy K10 2>

- 5.2
167TG11hUl 2 201v9h2 - 8U'17y10 €1 ( )

where V5 and Vj are the volume of 5 and 4-sphere with radius one. Substituting the value
of e; and solving the equations of motion results v; = vo = 1. The eigenvalues of the
matrix (B7) in this case are 3(29 4 /12937). Therefore it shows that the critical point
v1 = v9 = 1 is a saddle point of the entropy function.

Let us now turn to the entropy associated with this solution. The \GNaldeormula in
([.3) still holds here. Using the fact that for this background Ryyyy = %gttgyy and

V—g = 2v1y/gH one finds
1 2,6
Spi = Grh7y /de\/—_

B oL Axh2yS f,
16mG11(y% — 10y8) gaRtyty

Ruyty = - 200
tyty yb — 10y8 oA |,y

(5.3)

where we have rescaled Ry, in fy. There are other Riemann tensor components propor-
tional to vi. These are Ry, ¢y, Ryiiyi; and Ry ip4,4, With 41,30 = 1...5, i.e.,

10y — ¢F y® +2y8
R = —, R . = ,
tyty U1 h2y6 Yi1yil U1 12 (y6 _ y(@])
12 6,,6 12 6 6
Yo+ Yy — 2y, v =y
Rtiltil = —U 4h620/8 0 ’ Ri1i2i1i2 =N 4h6y20 . (54)

We rescale them by A1, A2 and A3. Nothing that fy(v1,ve,e1) must be of the general form
7/2

—7/2 .
vy “g(v2, Avy, eqvg / , A101, Agv1, Agvq) for some function g, one finds

Ofa Ofa Ofa Ofy 7 Ofa ofx 7
I | 53,900 I qon A T 90 O T .
ax Mgy, torgy, Tl0sg oag i tug - oh =0, (55)

One finds also the following relation at the supergravity level:

0 0 0 290 + 48 0

5i + 5i + 10i — 10374%& ) (5.6)

Replacing the above relation in (f.§) one can show that %| A=1 = —%yS_y#ygF and there-
fore

S = 2T p _ VsVl (5.7)

BE= 370 T aann” '

this gives non-zero result. To write the entropy in terms of temperature we use yg = %
then

Spy = 273 Sa3N3VETS (5.8)

3,2
where we have used the relations V; = %, hd = % and 2/@%1 = 16wG11 where N is the

number of M5-branes. This is in agreement with the result in [[LT].



We look now to the attractor mechanism. As we see, there is no scalar field in this case
so we check the attractor property by calculation of the proper distance of an arbitrary

point from the horizon

y 6\ 3 3 6
p:/ @< _y_g> dy:ghlog <ﬁ> + <3> -1/, (5.9)
w Y Y 3 Yo Yo

which is finite for the non-extremal case but is infinite when yo — 0 in the extremal case.
This shows again that although the horizon is not attractive for the non-extremal case,
the entropy function formalism works and it gives the correct value for the entropy as the
saddle point of the entropy function.

6. Higher derivative terms for non-extremal D3-branes

In the previous sections, we have seen that the entropy function works at two derivatives
level. It will be interesting to consider stringy effects and look at the entropy function
mechanism again. To this end, we consider the higher derivative corrections coming from
string theory. To next leading order the Lagrangian of IIB theory in Einstein frame is given

by

_ 1
167G

1 ., 1 1 _
/dlom\/_—g{R — 59" 0u60,0 — 5 > mF(Z;L) + ve 3¢/2W} . (6.1)
where v = %C (3)(’)?® and W can be written in terms of the Weyl tensors
1
W = CH ™ Cpng O P C e + 5 CME Copgan Cp” P s - (6.2)

In what follows, we will show that (B.I]) is no longer a solution of the above action. We
calculate the contribution of the above higher derivative terms to the entropy function F

2 H
OF = — datl\/=gW =
167TG10 / o gW

V3V 180 35 1
375 [1944 (v1 — vg) 16 + 61}%(1)1 — wp)2rSr® +ward®|, (6.3)

=7 167TG10 h67°13(?)1?}2)3/2

By variation of F' 4 §F with respect to v; and vy one finds the equations of motion. Since
these equations are valid only up to first order of «y, we consider the following perturbative

solutions
vp=14yx, vo=1+~y. (6.4)

For extremal case, rg = 0, the corrections are zero, i.e., v1 = 1 = vo. Again the value of
entropy is proportional to 73 which gives zero. This is due to the fact that AdSs x S° is

an exact solution.



For non-extremal case, by replacing the above solutions into the equations of motion,
one finds the following relations

O(F +dF) 27 /70 16
—— =0 3 5y = — <—> )
Ovy T STy h \ r
O(F + 0F) 45 /7916
AL a2 |
on 0 — bx—13y 6 o (6.5)
these equations are consistent, and give the following result
63 /rp\16 135 1o\ 16
r By o 18y 66
nE e ) T g ) (6.6)

However, they are functions of r. This is inconsistent with our assumption that v; and v
are constants!. So it seems that the deformed geometry (B.1]) is not the solution of equations
of motion when we consider higher derivative terms. Hence the entropy function formalism
does not work when higher derivative corrections are added to the effective action. The
same thing happens for M2 and M 5-branes.

This is related to the fact that in the presence of the higher derivative terms the
solution is not the Schwarzschild AdS anymore. The ansatz for the metric should be [[L1]

ds? = r?(—e?*T80qt? 1 20 dr? + da?) + e*d03 (6.7)

where a,b and c¢ are functions of » and we have chosen h = 1. The solution for these
functions at linear order of ~y gives a metric which is not the Schwarzschild AdS [[1]]. Using
the ansatz ([.7), one realizes that the horizon area does not modify so the entropy is given
by (B-9) where now f) is replaced by fy + f1', i.e.,

2rh?rt O(fx + fV)
Spu = — . 6.8
BH rd — 3rg 1)) A2l (6.8)
where the function f" is given by
w_ _ 7 H —5¢
= d — wW. 6.9
I = torc / zy/—ge 2 (6.9)

The first term in (6.§) give the same result as before, i.e., (B.14). The second term is

proportional to v, so to the first order of v one has to replace the Schwarzschild AdS
w

solution (B.1]) in agﬁ\ which gives

ofw 4 _ 9.4y,.12
ONT| L g0 3% (P =3rp)re” (6.10)
o\ A=1 167TG10 ri3
Finally the entropy will be
VaVsh?
Spr = iaio e (1 + 607 + (’)('yz)> . (6.11)
In terms of temperature [, 7' = (1 + 15v), one finds
2
Spp = 7J\72v3T3 <1 + 157> : (6.12)

This is the entropy that has been found in [[I]] using the free energy formalism.

,10,



7. Discussion

In this paper, we have studied in details the entropy function formalism for non-extremal
D3, M2 and M5-branes. We have shown that the entropy function can be applied to find
the entropy of these solutions at tree level. The entropy function in all cases has a saddle
point and the entropy is given by the value of this function at this point.

We have studied non-extremal black branes, which have either no moduli or constant
moduli. The non-extremal black holes which have non-constant moduli, has been studied
in [f]. One may expect that in this case also the entropy function should have a saddle
point. To see this more explicitly let us consider the 5 dimensional non-extremal black
holes in IIB theory compactified on 7% x S! with the following BTZ x S? near horizon

geometry [{]:

2 2N\(2 2 2
- — 4
ds® = v [— G p+)(2p P )dt2 + 5 i 5 dp?
p (P> = p3)(p?* = p2)
2
+p? <dz - p;’gf dt> + v2d 23,
e = Ug, e = ur, e% = uy,
3

G _ _ purvf G 1. 1

Fy,, =e = Py HGSO =-3 sind, Gg, = —3 sinf, (7.1)

v
where e2¥ and 2 denote the single moduli for 7% and S* respectively. We refer the reader

to [[] for details. The entropy function in this case is proportional to

3 3?}2 — 4?}1 1 1 e%
F ~ ’1}12 VuTUL |:’U,3< 2?}1?}2 =+ 2u%0%> =+ @ + W . (72)

The solution to the equations of motion

OF OF
=0, i=5T1, >—=0, j=1,2 7.3
aul ) 1 87 ) ) 8?}] ) ] ) ) ( )

isv) =vy =0, ug = %, ur =1, u; = % As can be seen, these equations of motion cannot
fix all the moduli so one expects that the entropy function has a flat direction [J]. To study
the behavior of the entropy function around the above critical point, consider the following
matrix:

Mij = 3@8@.17, ¢z = {vl,vg,us,uT,ul}. (7.4)

The eigenvalues of this matrix for v = 1 are
(4.81, —3.34, 2.23, 0.55, 0) . (7.5)

The negative eigenvalue indicates that the critical point is a saddle point. Moreover as
anticipated above one of the eigenvalues is zero.

We have seen in sections 3, 4 and 5 that the entropy function has one minimum and
one maximum in the directions specified by the sizes of AdS,;2 and SP=P+2)  This might
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be related to the fact that curvature of AdSy,2 is negative and the curvature of S” ~(+2) ig
positive. This property should be independent of the attractiveness of the black holes. So
one expects that this property holds even for extremal solutions with AdS, 2 X SP—(r+2)
near horizon. To see this, consider the Dyonic black holes in Heterotic string theory
compactified on M x S* x S where M is a four dimensional compact manifold and S* and
S are circles [Bl.- The near horizon geometry is given by

d 2
ds® = vy ( — 2 4 %) + v <d02 + sin? 0d¢2> ,
T
S:uS’ R:uR’ R:UR,
FY' =e, FY=es, FJ=p, F) =pa, (7.6)

where S is dilaton and R and R are radii of the circles. The entropy function in terms of
the electric and magnetic charges q1, q3, p2, p4 is given by
2 2

s 2 2 Sq% 8u%q§ 2u BP2 Qp?l

F = —vjvug|— — —
4 v vy vhuivs  wivi o 167203 16m2 uR v3

} +arug, (7.7

where the charge quantization gives q1 = 5,q3 = 5,p2 = 4k, py = ATid. Solving equations
of motion gives rise to the following solutions for scalars

= Vo = AR + 8 =4/ — _,/ . 7.8
V1 = Vg nw+38, ug ﬁﬁ)—i—4 UR ( )

We can construct the following matrix as before:

S &

Mij = 04,04, F,  ¢i = {v1,v2,us,ur, up}, (7.9)
For the case that n = w = n = w = 1 the eigenvalues are
(70.44, 28.10, 5.62, —0.11, 0.03) . (7.10)

We see that as expected the critical point is a saddle point.

The eigenvalues ([.5) and (7.10) indicate that the critical point in both non-extremal
and extremal solutions are the saddle points of the entropy function. However, the at-
tractiveness of the solutions cannot be seen from these eigenvalues. The attractiveness
can be studied either by the proper distance of an arbitrary point from the horizon [{] or
by looking at the effective potential for the moduli fields. The effective potential can be
read from the entropy function by inserting in the values of sizes v; and vs. Doing this
one finds that the eigenvalues of the matrix M;; constructed from the effective potential,
have negative values in non-extremal case whereas for extremal case, all the eigenvalues
are positive.

The entropy function formalism works for those black holes/branes that their near
horizon is an extension of AdS space. The near horizon (throat approximation) of the
p-brane solutions (D3, M2, M5-branes) that we have studied are the Schwarzschild AdS
times sphere. For other p-branes this near horizon is not a product space so the entropy
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function formalism does not work. One may consider instead the near horizon (not the
throat approximation) of the non-extremal p-brane solutions which is a product of the
Rindler space times a sphere. It can easily be checked that the entropy function formalism
does not work for this space.?

We have seen in the section 6 that the higher derivative corrections modify the tree
level solutions such that the near horizon (throat approximation) is not the Schwarzschild
AdS anymore. Consequently, the entropy function formalism does not work for these cases.
Hence, we have used the Wald formula to find the value of entropy directly. It would be
interesting to find a non-extremal solution where the higher derivative corrections respect
the symmetries of the tree level solution i.e., AdS. In those cases, one would expect to
find the entropy function including the higher derivative corrections by using the entropy
function formalism [[L3].
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